Comparison of different methods for analysis of simple undamped
pendulum with Calcpad

Input parameters

o ) < _A(\°
Gravitational acceleration (m/s?) - g = 9.81 % ) 60
S

Pendulum length - [ = 1m
Pendulum mass - m = 1kg
Initial angle - 0 =-60° = -1.05 rad

Maximum simulation time - 5, = 10s

Analytical solution for small rotations

0 < 1orsin(f) = 60

Differential equation - 6”7 + %-9 =0

Angular frequency - w = | % -rad = 3.13 rad/s

(0]

5 rrad 0.498 Hz

Cyclic frequency - f =

. 1
Period - T'= = =2.01s
]
Equation of motion - 0(t) = 0y-cos(w-t)
Analytical solution for large rotations (exact)
Differential equation - 6” + %-sin(@) =0

Incomplete elliptic integral of the first kind

K 1
F(o; k) = do
(@3 %) !Vl — k2.sin(0)>2

Jacobi elliptic functions

Modulus - k = sin(%) =-0.5

am(u; k) = $Root{F(¢@; k) = u; ¢ €[0; 10-7]}

sn(u; k) =sin(am (u; k), en(u; k) = cos(am (u; k))

dn(u; k) =1 = k-sn(u; k)2, cd(u; k) = cn (u; k)

dn(u; k)
Period - T, = 4- /l-F(z; k) =2.15s
g 2




| T - Te|

Error - 61 = =6.82%

e

Cyclic frequency - fo = TL =0.464 Hz
e

Angular frequency - @ = 2-7-rad-fo = 2.92 rad/s

Equation of motion - 04(t) = 2~asin(k-cd( / %-t; k))

Energy - Eqg=m-[-g-(1 - cos(0()) =4.9J

Relative error &1 [%] of small displacements period versus initial angle 0 [°] plot
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Solution by forward Euler method (explicit)
For that purpose, the Il order equation is reduced the following system of | order equations
0’ =w and 0’ = %-sin(-@)

The solution is performed iteratively

Step size - h = 0.05s

t
Number of steps - n = r;lax =200

For each time step n = 200 the values for the next step will be obtained by using the following
equstions

9n+1 = Qn + h'&)n

Wnp1= 0p+h-< - sind,

l

Allocate vectors

Oy = Vvector(n) =[00000000000000000000 ... 0]
wgyg=vector(n)=[00000000000000000000 ... 0]
Efye=vector(n)=[00000000000000000000 ... 0]

Set initial conditions

6o 0
Ofwer = Trad =-1.05, wgyp1 = S

Perform Euler steps



Rotation - Opyp2 = Ofyg1 + R @fng 1 = -1.05

Angular velicity - g2 = OfwE1 + h-%~sin(—9wa_1) =0.42557"

1
Energy - Eqyeq = m’lz'(i'wwaJ 2+ %-(1 - COS(waEJ))) =4.9J

Solution by backward Euler method (implicit)

The following iterative procedure is applied:
One1=0n+ h-wnyq

9
)

Wpe1=@n+ h-Z -sin0, 4

Allocate vectors

Opwe = vector(n) =[00000000000000000000 ... 0]
@pwe=Vvector(n)=[00000000000000000000 ..0]
Epye=vector(n)=[00000000000000000000 .. 0]

Set initial conditions
0o

0
0 =— =-105, w = —
bweE.1 1rad bweE.1 S

Perform Euler steps

F(0) = Opye i + h-(waE[ ; h~%-sin(—9)) _0

Rotation - Op,g 2 = $Root{f(0) =0; O € [-2-7; 2-71]} =-1.03

Angular velicity - @pwg2 = @pwEl + h-%-sin(—@wa.z) = 041957t

1
Energy - Epwe1 = m.12.(§.waE.12 + %.(1 - COS(QbWE.‘]))) =49J

Solution by Crank-Nicolson method (IMEX)
The following iterative procedure is applied:

On+1 =0n+g(wn+wn+1)

Wpe1=@Op+ Z—? (sinf, + sinf,1)

Allocate vectors

Ocn=vector(n)=[00000000000000000000 ... 0]
wen=vector(n)=[00000000000000000000 ... 0]
Ecy=vector(n)=[00000000000000000000 ... 0]

Set initial conditions
ol 0

Ocng = Tod - 105, oeng =<

Perform Euler steps

f0)=Ocn.i + g'(Z'wCN.i + %'(Sin(‘QCN.[) + Sin(‘e))) -0



Rotation - Oy 2 = $Root{f(0) =0; 0 € [-2-71; 2-71]} = -1.04
Angular velicity - WCN2 = WeN T };—? '(Sil’l(-ec[\H) + Sin(_QCN.Z)) =0.423 S_1
Energy - Ecn 1 = m-12-<%-wCN.12 + %-(1 - COS(@CN"]))) =49J

Solution by Runge-Kutta RK4 method (explicit)

The following iterative procedure is applied:

First step (k1) - k1g= wi,

k'I’w = 'Sin(_9|)

Second step (k2) - kpg= wj+0.5:-h-kq ), k> g =
w =

1

-sin(-(0; + 0.5-h-k1 ¢))

1

ThiI‘d Step (k3) - k3’e = Wj + 0.5'h‘k2lw , k3 -SiIl(-(Q, + 0.5'h'k2 e))

Fourth step (ka) - ka9 = wj+ h-k3 ),

kaw=2L-sin(-(0; + h-k3p))

Update values using weighted averages

h
9n+1 = Gi + g'(k'],e + 2-k2'e + 2'k3'e + k4,9)
h
Wn41= W+ g'(k‘]'w + 2'k2[w + 2‘](_:3’('0 + k4,w)

Allocate vectors

Opka = vector(n) =[00000000000000000000 ... 0]
R4 =Vvector(n) =[00000000000000000000 ... 0]
Erga=vector(n)=[00000000000000000000 ... 0]

Set initial conditions
Oo 0

0 =— =-105, ==
RK4.1= 77 RK4.1= 3

Perform Runge-Kutta 4 steps

RK4 factors

k1= 0rea1=0s", kqy= %Sin(-er{mq) =8.49572

kpg= Wpkaq +0.5hkq,=0212571

ko= %sin(-(em1 +0.5-h-kqg)) = 849572
k3g= Wrgaq + 0.5 h-kp=0.212571

k3= %sin(-(@m1 +0.5-h-kpg)) = 847572
k4= Orgar + h-ksy =0423571

kgw= %-sin(—(@RKm + h-k3g)) =8.445s72

Update values using weighted averages



Rotation - Orkas = Orka 1+ %-(kw +2:kpg+2-k3g+ kyp) =-1.04

Angular velicity - Wgga2 = WRka1 + %-(kmu +2:kp g+ 23 + kg ) = 0424571
Energy - ERka1 = m-l2-(%-wRK4.12 + %-(1 - cos(QRK4_1))) =49J

Plot results

Rotation 6 [deg] versus time t [s] plot
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Energy E [J] versus time t [s] plot
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Comparision of Crank—Nicolson and Runge-Kutta 4 methods

Rotation 6 [deg] versus time t [s] plot
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Absolute error AB [°] versus time t [s] plot
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Energy E [J] versus time t [s] plot
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